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The results of the article are summarized by the title. 
In 1844, G. Eisenstein proposed the problem: To find a criterion to 
determine whether the number of properly primitive classes of a deter- 
minant D is divisible by 3 [4]. If D = -P, where P is a prime and P = 7 
(mod 8), then the number of such classes is equal to the class number of 
the field Q(d/o) [3, 51. This problem is partially answered in this paper. 
In particular, a sufficient but not a necessary condition is developed. 
THEOREM. There are an infinite number of imaginary quadratic Jields 
whose class number is divisible by 3. Such an injinite class is Q(z/q), 
where q satisfies 
(i) q = 7 (mod 12), 
(ii) q is square-free, 
(iii) q is of the form (t2 - 4)/27, where t is an integer. 
Proof. The starting point is the theorem [1] 
(A) H- ---h(mod3). 
Hence (t + u&)/2 is the fundamental unit of the real quadratic field 
Q(&$>, where d is a discriminant. Also d = 34, where q is square-free and 
q E 7 (mod 12). H is the class number of the imaginary quadratic field 
Q( d/--4), and h is the class number of the real quadratic field Q(&). 
We look for real quadratic field whose unit (t + u&)/2 has the restric- 
tion u = 3. Then by (A) we have 
H = 0 (mod 3). 
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First observe that the norm of this unit is 1, since this norm being -1 
would imply tZ - dz.? = -4, hence t2 + 4 = 0 (mod 3), which is 
impossible. 
Let tl, tz ,... be the least values oft such that 
w  - 4)/27 E ql = 1 (mod 3) 
is the smallest square-free number of this form; 
(ta2 - 4)/27 = qa 
is the next smallest, and so on. 
LEMMA. There are an injinite number of t such that (t* - 4)/27 = q 
is congruent to 7 (mod 12) and q is square-free. 
Proof. Let N be an arbitrarily large but fixed number. Let t, = 
162n + 29. Then (tn2 - 4)/27 = 7 (mod 12). None of these numbers is 
divisible by 4 or 9. 
Forp > 3, the equation 
(162n + 29)a = 4 (modp3 
has exactly two solution in any complete residue system mod p”, hence the 
number of q,, with n < N which are divisible by p2 is at most 2N/p2 + 2. 
Hence the number of qn with n < N which are divisible by any square 
is at most 
( $ + 2) + ($- + 2) + a.* 
.2N(++++**j +0(1/F) 
where 0 < E < 1 and N > N,, . 
It follows that the number of q,, with n < N which are square-free is, 
for N large. at least (1 - c)N. The lemma follows. 
LEMMA. (tn + 36)/2 is the fundamental unit of Q(e). 
Proof: Suppose (x + yvBjJ/;? is a unit of Q(dz). We have 
x2 - 3q, y2 = 4. In order that x2 - 3q,y2 = 4 be soluble, we must have y 
at least 3. For if y = 1, ~2 - 3q, = 4 implies 
x2 = 3((tm2 - 4)/27) + 4, 
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or 
(3~)~ = tna + 32, 
hence 
(3x - &)(3x + t,J = 32. 
We consider the possibilities: 
(i) 3x + t, = 32 and 3x - rn = 1 (impossible). 
(ii) 3x + t, = 16 and 3x - t, = 2 implies x = 3, which is impossible 
(iii) 3x + t, = 8 and 3x - r, = 4 implies x = 2, which is impossible. 
If y = 2, we get similar contradiction. Now if y = 3, we do get a solution, 
namely x = f, . 
Now if (t + u&&/2 is the fundamental unit, then u is the smallest value 
taken over all units. For ((t + ~&?)/2/~ = (T + Uti)/2, where U > U. 
Similarly, for higher powers of the fundamental unit, the value of u 
increases. Hence the lemma follows. 
We have thus produced an infinite number of imaginary quadratic fields 
whose class number is divisible by 3. 
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